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1. INTRODUCTION

Let C'I denote the space of r-times continuously differentiable functions
on the interval I = [a, b] of the real line R. The question of uniqueness
of best approximation of functions in C*I by functions in a finite dimensional
subspace, with respect to various norms. has been investigated in several
papers. Garkavi [3] examined the problem using the ordinary supremum
norm

[/l = max | f(x)I.
In [1] we considered the norms
1A= max[| A, | fP)seees [T D@L PN, 1 <p < o0,

where || - ||, denotes the L? norm and ¢ is a fixed point in /. Moursund [5]
and Johnson [4] studied the norm

/1 = maxl} flle s | F 9 o seve I1f T [l]-

In this paper we shall further investigate this latter norm.

Moursund and Johnson show that if the (r -+ 1)st derivative of f exists
everywhere on I and if p; and p, are best approximations to f in P, , the
space of polynomials of degree << n, then p{” = p{”, r = 0, 1, 2,... . In the
case r = 0, Tchebycheff’s classical result shows that the requirement of
existence of the (r 4 1)st derivative is unnecessary. In Section 2 we give
an example to show that this requirement cannot be dropped if r > 0.

Garkavi showed that in order for an n-dimensional subspace V to be
p-Tchebycheff (see Section 3 for definition) with respect to the usual
supremum norm in C%, r > 1, it is necessary and sufficient that any k& + p
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linearly independent elements of ¥ have no more than n — k — p common
zeros which are also common double zeros or boundary zeros of p + 1
of these elements, kK = 1,2,...,n — p. In Section 4 we shall extend the
sufficiency part of Garkavi’s result to the norm

I/ = max[if{flle , 1 fD o eres [1F 1le]

on the space of functions having an (r -+ 1)st derivative everywhere on I
(Theorem 3). By use of the results of Ferguson [2] we shall see that the
polynomials satisfy the conditions of this extended sufficiency result, and,
thus, the result of Moursund and Johnson (Theorem 5) follows as a corollary
of Theorem 3.

The results mentioned above are special cases of the more general ones
discussed in Section 3 where we consider the simultaneous approximation of
r + 1 continuous functions f,, f; ,..., /, by a function p in ¥ and by its
first r derivatives over » + 1 possibly different subsets of R. In the situation
where each of the r 4 1 subsets of R is the same finite union of closed
intervals, we shall perform a certain imbedding and then employ the methods
of Rivlin and Shapiro [6] and Garkavi [3] to obtain an extension of Garkavi’s
result (the condition on ¥V will be necessary and sufficient). Finally, in
Section 5 we shall obtain uniqueness results for approximation by polynomials
with respect to another arrangement of the r 4+ 1 subsets of R. Here we
shall use again the results of Ferguson to show how the space P, fits into
the scheme.

2. ExamMpPLE OF NONUNIQUENESS OF DERIVATIVE OF BEST APPROXIMATION

DerNITION.  If ¥ is a subspace of a normed linear space S with norm | - ||,
we say that g € V is a best approximation of an element fof Sif | f — g || =
infep | f — A ||. It is clear that the set of such best approximations is convex.

In this section we shall demonstrate a function f€ C'I such that the best
approximations to fin P, with respect to the norm || f|| = max[}| flw , | f* llo]
do not have identical derivatives.

Let [=1[—425425] Let fUx)=|x| O<|x| <15 and
SO(x) =15 (1.5 < | x| < 4.5). Let f(0) = 0. Then f(x) = (sgn x) x?/2
for0 <|x| <1.5andf(x) = (sgn x)[1.5| x| — 1.125]for 1.5 < | x| < 4.5;
see Figs. 1 and 2. Notice that f ¥)(x) is even and f(x) is odd.

Now suppose that the derivative of a best approximation p in P, to f is
unique. Then its graph must be horizontal. For, because of the symmetry
of f and O, if p™(x) = ax + b, then p{'(x) = —ax + b is also the
derivative of a best approximation in P, to f. We claim that p(x) = x.
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Indeed, f(x) is an increasing function with values varying on I between
—5.25 and 5.25. If p™M(x) = 1, then p(x) = x + c is an increasing function
with values varying on I between ¢ — 4.25 and ¢ + 4.25. Thus, p(x) = x + ¢
has deviation of 1 4 | ¢] from f(x) at one of the endpoints. Let ¢ = 0,
Then it is easy to check that the maximum deviation 1 of p(x) = x from f(x)
occurs only at the endpoints of I. Note that the maximum deviation of
pU(x) = 1 from f¥(x) is also 1 and occurs at x = 0. Thus,

If — pll = max[lf — pllo, I /P —pW o] = 1.

Further, if p(x} = @ > 1, then || f® — pM |, =a > 1. IfpW(x) =a < 1,
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then p(x) has total variation 9.5a on I; hence, p(x) must deviate from f(x)
by more than 1 at at least one of the endpoints 4.25 or —4.25. We conclude
that if the derivative of a best approximation p in P, to f is unique, then
p is unique and p(x) = x.

Now, however, consider p(x) = (¢/2) x% + x, € > 0. Then p"'(x) = ex + 1
and it is easy to check that, for e sufficiently small, || f® — p®¥ |, = 1
(fO(x) — pP(x) = 1, iff x = 0), and [|f — p|lo = 1 (f(x) —px) = 1 iff
x = 44.25). Thus, p(x) = x is not a unique best approximation in P, to f.

Remark 1. Note that the crux of the matter in the foregoing example
is that we can slightly rotate the graph of p¥(x) about the point (0, 1)
without increasing | f® — pW|, . This is because the graph of f? is
wedge-shaped at x = 0.

Remark 2. If the length of the interval I is not greater than 2, then
the requirement of existence of the (r + 1)st derivative in Moursund and
Johnson’s result can be dropped (this follows from the mean value theorem).
In fact, p” is then the best Tchebycheff approximation to f' of degree
<n—rand | f—pll ="~ p® .

3. SIMULTANEOUS APPROXIMATION

Let S be a subspace of ®j_, C(E;), where E; (j = 0, 1,..., r) are compact
subsets of R, with norm || /Il = lI(fo,./1 >+, /) = max[[l follw /1 [l seves 1 £ [lec]
where || f; o = SuPueg, | ).

DerFINITION. By the dimension of a convex set P (dim P) in a finite
dimensional vector space we mean the largest integer k& for which there
exist k + 1 elements g, , g, ,..., &x+1 In P such that

81— Buk+1> 82 7 ket 5eers 8 —Ern1

are linearly independent. (If P consists of a single point, we set dim(P) = 0;
if P is empty, we set dim(P) = —1.) If W is a subspace of §, then, for each
fixed g (0 < g < r), the maximum dimension of sets P{@(f) of gth compo-
nents of elements of best approximation in W of functions f in S is called
the g-rank of W in S. (In the case r = 0 we say (following [8]) that W is
s-semi-Tchebycheff or s-Tchebycheff if, for all fin S, —1 < dim PP(f) <
or 0 < PP(f) < s, respectively.)

Now suppose V is an n-dimensional space of functions g defined on
E = Ui_o E; which belong to (\;_q C’E;. Let ¥V = {§ = (g, g¥,..., g);
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g€ V}. We wish to investigate the r-rank of ¥ in S (provided, of course,
7 is a subspace of S). Note that || f — # || < € means | f;(x) — gP(x)] < €
for all x in E; and all j = 0, 1,..., r simultaneously.

If f€ S, then imbed fin C(X), where X = ]_ (E;, /), by f*(x, j) = fi(%)
if xeE;, j=0,1,.,r. We endow X with its natural topology. By the
Hahn-Banach theorem, there exists an element L in the dual of C(X),
[C(X))°, such that L(V) = {0}, | L|° = 1, and L(f) = p = infp [/ — .
By the Riesz representation theorem, L(h) = [, h du, where p is a finite
Borel measure on X. Now proceeding as in the proof of Haar’s theorem
(see [6]) we conclude that § is a best approximation in ¥ to £ if and only if
g* is a best approximation in V* to f* and the latter implies that
f* — §* = ph*, where | A* | = 1 almost everywhere with respect to w.

Note that p |(g,,) = p; is a finite Borel measure on (E;, j), j = 0, L,..., .
Hence, we can write p = py + p; + -+ + u,. We refer to an element
of X as a generalized point. If g € V, we call any zero of §* in X a generalized
zero of g.

The proof of the following two theorems were obtained by combining
the methods of Garkavi [3] and Rivlin and Shapiro [6] after performing the
imbedding described previously.

Theorem 1 reduces to a slight generalization of Garkavi’s theorem [3, p. 97],
if wesetr =0.

THEOREM 1. Let S = ®j_o{f;; f; is differentiable on E} where E is a
finite union of disjoint closed intervals {I,Y"., . Then for V to have r-rank s in S,
it is necessary and sufficient that among the common generalized zeros of k
tk = s+ 1,5 + 2,..., n) linearly independent elements of V there are no more
than n — k generalized points which are generalized double or boundary
zeros of s -+ 1 of these elements whose rth derivatives are linearly independent.
((x, j) is a generalized double zero of p if p'(x) = p¥(x) = 0; (x,j) is a
generalized boundary zero of p if p¥(x) = O, where x is a boundary point
of some I, .

Proof. Sufficiency. Suppose gi%h — gi", gl — gi",..., g" — gi"  are
linearly independent where &, , &, ,..., #5420 are best approximations in ¥ to f.
Hence, among the common generalized zeros of the elements g,,, — gy,
gs41 — 81582 — &1, there are at most » — s — 1 common generalized
double or boundary zeros in X. But each interior generalized zero of g, — g,
in the support of p is a generalized double zero, i = 2, 3,..., s -+ 2. This
follows since, if (x, j) is interior to (E, j) and is in the support of y, then

/i) — &) = p = max | £(») — g,
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which implies

D) — g () =0, i=1,23.,5+2

hence,
g — g (x) =0, i=23,.,5—+ 2

Hence, . has a support of n — k +1 (k=5 + 2) kg?neralized points,
. . . n—

say (X1, i), (%2, fa)seres (Xp—esa » Ini)- Thus, L = 3, " ci’?(wi.i,) , Where

Lioyiph = hi ) . Now L) = {0} implies that 3" cje(,,..) = 0 on ¥,

where eq )8 =g"(x;) (1 <j<n—k+1), and, thus, {eq, 75"

has rank <n—k on V (ie., {eq,:)}75*" spans a space of dimension
at most n — k in ¥°.) Hence, there are, in V, k linearly independent elements
hg = gs42 — 81> Mo = goy1 — 15 Bsys = &2 — 815 Msya s Ay SUch that
Bi(x)=0 (j=1,2,.,n—k+1), t=1,2,..,k But each (x;,1),
j=12,..,n—k-+1,is a common generalized double or boundary zero
of h, hy,..., hy,, . Hence, among the common generalized zeros of the k
(< 5 -+ 2) linearly independent elements A, , A, ,..., b, of ¥ there are
n — k + 1 generalized double or boundary zeros of 4, , A, ,..., b,y , and
K", hD,..., b7, are linearly independent—a contradiction.

Necessity. Suppose there exist linearly independent elements g, , g5 ,..., g
(k =25+ 1) in V whose common generalized zeros include as a subset
T = {(xy, i), (X35 i)y (Xn—_r11 » In—41)}> €ach element of which is a
generalized double or boundary zero of g, , g »..., 8s41 » and g{”, gi",..., g%,
are linearly independent. Then {e(mj.i,)}?;kﬂ is a linearly dependent system
in V0, for its rank does not exceed n — k, since e(xa_,i’,)(gt) =0fort=12,..,k,
j=12,.,n—k 4 1. Hence, there exist scalars ¢; (1 <j<n—%k+1)
not all zero, such that L = Z;-:lkﬂ ¢;%e,:) = 0 on V. Assume, without
loss of generality, that Z;:lk“ l¢;| = 1. Clearly || L]° < 1. Now choose 4,
in C%E) such that || A,ll, =1, h(x;) = sgnc; for all (x;,s)e 7, and
|h(x) <1 if (x,8)¢7T, s =0,1,..,r. Let h = (hy,H,..., h;)eS. Then
cdearly |Lh| =377 ¢;| =1, while |A| = 1. Hence, |L|°= 1.
We may assume that || g, | < 1/k, m = 1,2,..., k. For s =0, 1,..., r, form
[0 = bl — Ty 129N on  F= U5 (loy, B), i) where
(lo, Bs), i;) is a neighborhood of (x;, i) containing no simple zeros of
g, gl .., g% except, possibly, boundary zeros. This is possible since
either all g% (1 << m < k) have a double zero at x;, or x; is a boundary
point of E. Since g has, in F, only zeros of order greater than one, except
possibly at the boundary of F, | g2’ | is also differentiable in F (1 << m < k).
Hence, f, is differentiable in F. Further | f(x)| <1 if (x,s) is an (o, 1))
or (B;,i;) in the interior of (E, s). Thus, we can extend f(x) to a function



UNIQUENESS OF BEST APPROXIMATION 219

having a derivative in all of E and of absolute value <1 — 3 i£1 E ~F,
§>0(s=0,1,.,7). Letf = (fy , fy s fy) €S. Then for all £ in 7, "

n—k+1
If— R Z L= B =|Lf1= ) cfifx)
b
n—k+1 k @) n—k+1
=Y cho) [l — X g = % ehix)
j=1 m=1 i=1
n—k+1
= Y ¢sgne =1
i=1
On the other hand,

k

£@) = Y eng?0| <IA0)+ X el 000

m=1

<R — ¥ 189@)] + ¥ en e

m=1 m=1
<1 if 0<e, <1 (1 <m<k).
Thus,

k
12 enfn;0< e, <1 (1 <m <k)§

m=1

is a set of best approximations to f. But since { g'7}%, is linearly independent

we see that ¥ has r-rank > s + 1 in §.

THEOREM 2. Theorem 1 remains true if

S = ® CE,

=0
where g > 1.

Proof. The condition on V is, of course, still sufficient. For the necessity,
observe, first, that in the case ¢ = 1, the functions f(x) in Theorem 1 are
in C'F and can, thus, be extended to be in C2E. If g > 2, however, | g¥'(x)) is
no longer necessarily in CE, m = 1, 2,..., k. Thus, following Garkavi,
we construct functions f; (0 << s < r) as follows. If T is as in Theorem 1,
fet T, = {(x,s)e T; x e boundary of E} and T, = {(x, s) € T; x € interior
of E}. For each s (0 < s << r) choose an f(x) in C?E such that
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(D) fdx)) =sgne;if (x;,5)eT;
i) |/ <lif(x,s)¢T;
(iii) fPCx) 4 0if (x;,8) e Ty ;
) f®x) #0if (x;,8)eT,.

As before, ||[f— gl =1 for all § in V. For each (x;,s) in T, let
w; = ([, Bs], 5) be a neighborhood of (x;, s) such that

i) fP(x) #0if (x,9)ew; and (x;,8)e Ty ;
() f®x) #0if (x,5)ew; and (x;,5)e T, .
Let

Ef= |J w; and Efr= | w.
(@;,9)eTy (z;,5)€T,

Assume, without loss of generality, that

sup , k | g8 V() < inf | F ()]

(x,s)eE,’ 2,5)eE,®

and that

sup k|gu @) < inf (fP), m=12..,k

(x,s)ekEy’ (z,8)eE,

By Taylor’s formula we have, if 0 < | ¢, | < 1,

£0) = 3 engl0) = £i5) + [FO@ = 3, enstV@] x — %),

m=1 m=1

where (x, 5) and (&, s) belong to w;, if (x;,s8)e T, , and

£0) = % engf0) = 1i5) + 2[00 — 3, enst @] (5 — 2%

m=1 m=1

where (x,s) and (&,s) belong to w;, if (x;,s5)e T,. Since |fix))| = 1,
we have that fV(x;) f(x)(x — x;) < 0 if (x;, s) € Ty and f&(x;) fo(x;) <O
if (x;,s5)€ T,. Combining these facts with Taylor’s formula and the fact
that the first and second derivatives of f, strongly dominate the first and
second derivatives of Zm_l .22 in E,* U E,*, we obtain that

£ — Z e,,,gf,f’(x)’ <1 forall (x5) €KV E:

m=1
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Further, in X ~ [Ef U Ey®], | fi(x)| < @ < 1. Hence, if || g o < (1 — O)/k,
1 < m < k, we have

<1, m=1,2,.,k.

k
fs_ Z emgirf)

m=1

Hence
Hf— i emgmu < ls
m=1

and the conclusion follows as in Theorem 1.

4. APPROXIMATION IN C'F

If r > 0, the subspace V == P,_; does not satisfy the condition in
Theorem 1. In this section we examine the situation in which f = (fy, f1 5..../fr),
fi =f8, 0 <i<r In this case the sufficient condition of Theorem 1
can be strengthened to include P,,_; .

DeriNITION. If g€ CE and 0 < i < r, we call a generalized point (x, i),
such that g#¥(x) = 0, an r-generalized zero of g. Let g1 = 1. If g¥(x) =
gt (x) = 0, we may call (x, i) an r-generalized new double zero provided
we agree that neither (x, i — 1) nor (x, i + 1) may be so labeled. If g)(x) = 0
and x is a boundary point of E, then (x, i) is called an r-generalized boundary
zero of g.

THEOREM 3. Let C,,E denote the space of functions having an (r + 1)st
derivative everywhere on E, a finite union of disjoint closed intervals. Suppose
that the n-dimensional subspace V satisfies the condition that among the
common r-generalized zeros of k (k = s + 1, s -+ 2,..., n) linearly independent
elements of V, there are no more that n — k generalized points which are
r-generalized new double or boundary zeros of s + 1 of these elements whose
rth derivatives are linearly independent. Then, with respect to the norm
1F1 = max[| fllw s |f P o geees | f P lc), the dimension of the set of rth
derivatives of the best approximations in Vo any f in C,E does not exceed s.

Proof. We identify C, F with a subspace S, of S of Theorem 2 by
letting f, = (f, fY,..., ). We follow a reasoning analogous to that in the
sufficiency proof of Theorem 1 after we observe that if | f9(x) — g (x)| = p
for x interior to E, then fU(x) — g@*V(x) =0 #p, i = 1,2,..,5 + 2.
(In the proof of Theorem 1 it is possible that | f;(x) — gi(x)] = p and
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| fi+1(x) — g+1(x)] = p.) Thus, each interior r-generalized zero of g; — g;
in the support of u is an r-generalized new double zero, i = 2, 3,...,5 + 2,
according to the foregoing definition of an r-generalized new double zero.
Hence, p has a supportof n — k + 1 (k = s + 2) generalized points, etc. []

Let P,_,I be the space of real polynomials of degree less than or equal
ton — 1 on the interval I = [a, b] and let {x, , x, ,..., x;} C I. Let %/ denote
the linear functional on P,_,I defined by Z/(p) = p“(x;). Following
Schoenberg [7], let E = (e;;){=3:3: 2! be an n-incidence matrix, i.e., each
e;is0or 1 and

Y ey =n.
6

We say that E is poised if the set of » linear functionals {#/7; e;; = 1} is
linearly independent on P,_,/. If E is an p-incidence matrix, let

k
mj:—-" Ze,-,-, _]:0, 1,...,n—‘1,

=1

and

Then E is said to satisfy the Pélya conditions if
M, =2j+1 for j=0,1,.,n—1

In the following four theorems we assume that the n-incidence matrix E
satisfies the Pélya conditions.

THEOREM A. (Pé6lya and Whittaker, see [2].) If k = 2, then E is poised.

THEOREM B. (Ferguson [2, p. 24].) If k > 2, and if e;;_y = €; 5., = O,
ey = " = €, ;.91 = 1 implies p is even, then E is poised.

THEOREM C. (Schoenberg, see [3, p. 25)) If x, = a and x;, = b, and if
2<i<k—1ande; = 1implyey = 1 for each j' < j, then E is poised.
By combining Ferguson’s proofs of Theorems B and C we can get the

following result.

THEOREM 4. If x, = a and x;, = b, and if 2 <i <k — 1 and e;;, =
Cjip=0,e; =" =¢;;,,, = 1imply pis even, then E is poised.
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THEOREM 5 (Moursund [5] and Johnson [4].) Consider C, I with the
norm | f| = max[|fllo , | f P llo s 1 f P s sees 1 f 7 ], where I = [a, B]. If
py and p, are best approximations in P,_,I to f belonging to C,.,I, then

(r _ (T)
Py =D

Proof. We show that P,_,I satisfies the condition of Theorem 3, where
E = I and s = 0. The condition in this case can be reworded as follows.
If

Pys Py Py € Q7 = (L1, L2, Lin kit

In—k+1

and

P € QzJ. — {gjlﬁl’ e‘7;2:+1 g;:_::i+1}ll

where Q; N Q, is empty and all i,, < r (here ' indicates that .,?’m“ is omitted
ifx; =aorx; =b,andpe Q" means p is in the nullspace of each of the
elements of 0), "then either D15 Pz ».-.» Di are linearly dependent or p{” = 0,
k = 1,2,..., n. Let v be the number of elements in Q, .

Now fix k. For 0 < g < n — 1, let E? = (g;)i=3:¢*1 271, where e;; = 1
if £ieS,CQ0,N Q,,and e; = 0if £ ¢S,, where S, will be determined.
(Note: e;; = 0if j >r.) Let

n—k+1
m]' = Z ei,- > _] = 0, l,..., n — 1,
Z==1
and
,
N,= ) my, p=012..,r
j=p

Now, if forsomeue{0,1,2,....r}, N,_, <n— (¢ —t)forallt=0,1,...,u — 1,
and N,_, > n— (r —u), then clearly Q, U Q, includes a subset S,_,
containing n — (r — u) linear functionals such that E™* satisfies the Pélya
conditions on P,_(,_,_;, and, hence, p, € [0, U Q,]* implies p{™™ = 0,
by Theorem 4.

On the other hand, if N,_, <<an — (r —¢) for all t =0, 1,..., r, then we
can augment the set Q; U Q, by adding in £k — v — 1 linear functionals,
for example, 2}’” ves® Lin g s L3, ,» so that the corresponding
n-incidence matrix satisfies the Pélya conditions and the conditions of
Theorem 4. Thus, Q, is linearly independent, and, hence, p, , ps ,..., p; are
linearly dependent since k +-(n —k+1)=n+1>n. O
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5. OTHER RESULTS

We return now to the general situation of Section 3 described prior to
Theorem 1.

The following two theorems reduce to Rubenstein’s generalization of
Haar’s theorem on R in case r = 0 [3, p. 94].

THEOREM 6. Let S = ®]_, C(E,). Then for V to be s-Tchebycheff in S
it is necessary and sufficient that each s + 1 linearly independent elements
of V have fewer than n — s generalized zeros in common.

Proof. This follows by applying Rubenstein’s generalization of Haar’s
theorem [3, p. 94] to the space CX of the previous discussion. O

THEOREM 7. Let S = ®_, C(E;). Then for V to have r-rank s in S,
it is necessary and sufficient that each s + 1 elements of V whose rth derivatives
are linearly independent have fewer than n — s generalized zeros in common.

Proof. Sufficiency (Sketch). Suppose gl — gi”, g\ — &i”,.., & — gi"

are linearly independent, where £, g, ,..., §;.o are best approximations
in ¥ to f. Hence, there are at most n — s — 1 common generalized zeros of
Zeio — &1 5, & — &1, and the proof proceeds analogously to that of
Rubenstein’s generalization of Haar’s theorem on R.

Necessity (Sketch). Suppose there exist elements g,, g5 ,..., &547 In V
whose rth derivatives are linearly independent and which have » — s common
generalized zeros forming a set T = {(x; , i), (X2, #)seeer (Xp_s 5 in_s)}. Then
{e(xj,ij)}}‘;l“ is a linearly dependent system in V¢, and there exist scalars c;
(1 < j < n — s)not all zero, such that

L= i Cj’%m,—.ij) = 0’

=1

on V. Assuming
Z Ic]" = 15
i1

we see that | L] = 1 by choosing 4 € ®]_, C(E;) such that || 2|} = 1 and
h(x;) =sgng¢; for all (x;,5)eT, s=0,1,.,r. The proof proceeds
analogously to that of Rubenstein’s theorem. O

DEFINITION. E; << E; means that x < y for every x in E; and every y
in E;.
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TueoreM D (Ferguson [2, p. 27)) Let E, < E, < - < E,, and
assume that E;, N E; ., consists of at most one point, i = 1,2,....r — 1.
Consider an n-incidence matrix E = (e;)i=33 %Y, where e;; = 1 implies
that x,€ E; . Then, if E satisfies the Pdlya conditions, E is poised.

THEOREM 8. Let E; ... E, be as in the first sentence of Theorem D,
and let S = ®j_o C(E)). If p, and p, are in P,_, and p, and p, are best
approximations to f in S, then p\"” = pi".

Proof. From Theorem D and an argument analogous to that used
in the proof of Theorem S, it follows immediately that P, _; satisfies the
condition of Theorem 7 with s = 0.
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